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1 One dimensional solutions: Heteroclinic Connections

(1) u —W,(u) =0 , u(too)=a* | a" #a”

at € A={W =0}, A >2.

(2) J(s1,50) (1) := /82 <%|u'|2 + W(u)) de , J(u) = J—co00) (1)

S1

Hypotheses
(H1) W e C?, g > PWy(a)f > alé* ,ac A

(H2) (a) liminf W(u) >0 or the weaker

|u|—~+o00

(b) /W (u)>~v(ul) , v:(0,40) = R, / ~(r)dr = 400 or the stronger
0
(¢) Wu(u)-u>0 if |u| > M.

Theorem 1.1. (Eristence) Under (H1), (H2)(b), givena~ € A , Jat € A\ {a"} and u
classical solution to

1
(3) é\u’ﬁ —W(u) =0 (equipartition)
which minimizes J on
(4) o = {u cWLARR™) | lim u(z)=a lirf u(x) € A\ {a}}
T——00 T—+00

Note: (1) W(u(z)) >0 , =z € R, by uniqueness for (3).

A Al+1
(2) If |A] is even = at least 7’ connections. If |[A] is odd = at least | |2+ connections.
Example 1.2. m =1, W(u) = 3(u* — 1)?, bistable
u(z) = tanhx , a® =41 | unique modulo translations
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Remark 1.3. Ezxercise 1 (m = 2 | g : (C,W(2)dzdz) — Fuclidean Plane isometry).
Identify (uy,us) with the complex number z = wuy + iuy and write W(ui,ug) = |f(2)%
Assume [ = g is holomorphic in D, open in R?. Let u(x) a solution provided by Theorem
1.1.

Then

(221900

gla*) —g(a”)

Moreover the set g(T') = {g(z) |z € T'} is a line segment with end point g(a™) , g(a™) and

[ G+ wew ) e =v2 [ gtwld = Valg(ut) - g(a)

):O , for ze ' ={u(z) |z € R}

Remark 1.4. m > 2, Non uniqueness is possible

Remark 1.5. Sufficient condition for existence of connection a; — a; , {W =0} = {aq, ...,an}

Let

(5) oy =infJ(u) , ;= {u c WER;R™) | lim u(z)=a; , lim u(z)= aj}

o5 T——00 T—+00
1,7 =1,..., N. Then the condition
(6) 0ij < oin + oy Va, € A\ {a;,a;}  (Triangle Inequality)

(6) is sufficient for the existence of an orbit connecting a; to a;.
(For W(2) = |(z — 21)(2 — 22)(2 — 23)|? it is also necessary.)

Proof of Theorem 1.1.
1. Removing noncompactness due to translations
choose o > 0 small such that

(7) min  W(u) =W,.

a€A , lu—al<rg
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V ou(:) € o , 3 xo such that W(u(xg)) = Wy. Consider then the translates of u € &/ with
W(u(0)) = Wy. We restrict ourselves to this modified o7, which we still denote by <.

2. o # (). Indeed given a~ consider the element a # a~ in A closest to a™.
Let

u(z) = (1= (x4 x0))a” + (x+ o)

Choose zy € (0,1) s.t. W(a(0)) = W.
Let

(8) J(a) =0

3. L> bound
3 M > 0 depending on v in (H2)(a) such that for u € o/ with

Indeed let u(Z) = M, some T

0> Jicoom)(u) > : \2W (u(z) | (z)|de > V2 N y(r)dr
- la=|

4. Compactness

Let {u;} C & minimizing sequence,

J(u;) — ig{f J(u) =100 <o

and by (9),
(10) ) = )| < | s (©)de] < Vol — a2

By the Ascoli-Arzela theorem and a diagonal argument 3 subsequence {u;},

(11) u; — u® , uniformly on compacts of R.

Note that {u;} is bounded in W,>*(R; R™):

oc

1 12 12
5/ i [*de < J(u;) <o, / lu;|*dz < C | by (9).
l1 ll



Hence

(12) uj — u* in WEA(R;R™)
1 [ 1 [ 1

(13) —/ lut|?dr < liminf - / |u/;|Pde < lim inf — /|u'»|2dm
2 )i, jot+oo 2 ) jotoe 2 Jo Y

Also by Fatou,

(14) lim W(u") < hmmf/ W (u;)d
j—+oo Jp Jj—+oo

Thus

(15) J(u*) = o9

5. Boundary Conditions at +o00

By uniform continuity of u* (10) and (15)

(16) lim W(u*(z)) =0

z—+00
If lim, _, o u*(x) does not exist, then
3 {z}} , {27} st u*(z]) = ar , u*(27) — ay
Hence 3 {#;} s.t. W(u*(z;) - 0, in contradiction to (16).
Thus

(17) lim_u(x) = { .

a ,at e A

Claim 1: u*(—o0) = a~
Suppose for the sake of contradiction that a # a~. Hence 3 z; — —o0 s.t.

(18) u(z;) —al=¢; , g5 —=0

On the other hand ug(z) — a= as © — —o0.



By a diagonal argument we can choose subsequence of {uj} which we denote again by
{Uj} S.t.
(19) |uj(xj)—a| ng > j: 1,2,...
Since uj(x) = a~ as x — —oo, it follows that
(20) / (§|U;|2+W(U])) dx Z 0o — €j

This is a consequence of J(u;) > oy and Exercise 2 below.
On the other hand from W (u;(0)) = Wy and the equicontinuity of u; ((10)) for 6 > 0
small, fixed

5
(21) / W (u;)dz > dW,
-5
Hence by (19), (20)
* 1
(22) / <§\u;|2W(u])> dx > o9 — e+ oWy

-4

contradicting that {u;} is a minimizing sequence.

Claim 2: u*(4+00) = at # a~

Once more we proceed by contradiction with a similar argument. So suppose u*(4+00) =
a”. As in (19), 3 sequence z; — +oo , u;(z;) = a~. From W(u;(0)) = W, and the
equicontinuity of u

(23) / i W (u;)dz > W,

for > 0 small fixed.
Since u; € & = u;(x) > a #a” as r — +oo.
Hence

+o00 1
(24) / (§|u;|2 + W(uﬂ) dx > ag — Cy 2,

by Exercise 2.
Thus (23), (24) give

+00 1
/ (§|u3|2 + W(u])> dx > a9 — Cyw 6> + SW,
-5

contradicting that {u;} is a minimizing sequence.
The proof of Theorem 1.1 is complete. ]



Exercise 2: Let a; , a; € {W =0} , sy >s_. Let v: (s_,s;) — R™ minimize

S+ 1 ,
J(S_M(v):/ (§|v |2+W(v)> dx

subject to [v(s_) — a;| = |v(s4) —aj| =6
Then

Jis- s+y(v) > 055 — Cwd® , Cy a positive constant determined by (H1).

2 The Variational Maximum Principle

2.1 Hypotheses (W)

W :R™ — R, non-negative , W € C'(R™; R)
(25) (HVMP) acR™ , W(a) =0
(0,79] 2 7 — W(a + rf) non decreasing , W(a + re&) >0

A C R"™, open, bounded, 0A Lipschitz.

Theorem 2.1. Let u € W22 (A;R™) N L=(A; R™) be a minimizer of

(26) J(u, A) = /A (%Wu\? - W(u)) da

with respect to its Dirichlet conditions on 0A:

(27) Ju+wv,A) > J(u,A) , Vv e Cy(A;R™).

Assume that

(28) lu(z) —r| <r on A, 0<2r<rg
Then

(29) lu(z) —al <r on A.



Comments (Difference with the usual maximum principle) This is a purely variational result
while the usual maximum principle is a calculus fact that is based on the equation. We
explain in terms of exercises:

Exercise 3: Consider for W(u) = %(u2 —1)?
" — W' (u) =0
For £ > 0 small there are (periodic) solutions which clearly violate (29).
Exercise 4: For W convex (29) holds by the classical maximum principle:
W' (u)

O=u"—W'(u)=u"— ——u
u

Remark (29) does not hold for local minimizers (small perturbations of u increase the
energy).

Before giving the proof we introduce the polar representation for a map u(x) that is a
basic fact that will be utilized extensively in these notes.

(r) —a

|

u
ulx) =a+ |ulr) —a|l———— =:a+ plx)n(x
. (@) = 0t fule) - al =2 (o))
(30) R wo e y(z) £ a
() = lu(z) —al , 7i(r) = § MO
0 , u(zr) =a
Formally
(31) Vul* = [Vpl* + p* ()| V()|
leading to the polar form of the energy
1 N N
(32) Ja(u) :/ {5 (IVol? + 2|V (x)?) +W(a+pn>} dx
A

The point is that we will consider perturbations of u(z) only in the radial point, keeping
n fixed:



For u(-) € Wh2(A;R™) N L®(A;R™), and f : R — R locally Lipschitz, f(0) = 0 we
consider the perturbation

(33) i(w) = a+ f(p(z))7 ()
Then
(34) [ 1wtz = [ (7)Vok + PNV

It is a calculus fact for Sobolev functions that a(-) € Wh2(A4;R™) N L>®(A4;R™) and (34),
(32) hold rigorously.

Exercise 5: For variations of the special form
f(s) =sg(s) , g: R — R Lipschitz

we can bypass n(z) and express |Vi(z)| as follows:

(35) Vil = (£()PIVo + (V= [Val? = 19 L2

Notice that |Vu|*> > |Vp|?, and that moreover if

(36) f1<1, Jgl <1
then

(37) V() ? < [Vu(o)?
2.2 Proofs

Theorem 2.1 will follow from the following replacement result:

The cut-off lemma

Lemma 2.2. Let W satisfy the hypotheses (W) and let A C R™, open bounded, with
Lipschitz boundary. Suppose that

u(-) € WH(A;R™) N L®(A; R™)
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If the following two condition hold
(1) |u(z) —al <7 ondA , 0<2r <r,
(II) L" (AN A{|u(z) —a| > 1}) >0,
then 3 a(-) € WH2(A; R™) N L>(A; R™) such that

u=u on 0A
|i(z) —a| <7 , on A
JA<7,~L) <JA<U)

Proof. We will assume A connected (no loss).

Case 1(easy) : p(x) <rp a.e. in A

Let

(39) s = T )
By (37) (If | <1, Jgl < 1)

(39) /A Vi(z)[2de < /A Vu(e)2dz

Note that in the case of equality in (39), together with (35)

oz/\va\2dx—/ Vuldz
A A

(40) = [ IVOR( )P = Dda+ [ (Val? = [9pP)a0) — 1)da
— Vo|*dx
: /Aﬂ{pzr}| A

(41) =Vp=0 , ae.on AN{p>r}

Hence
(42) V(ip—p)=0 , ae on A (p= f(p))

Hence
(43) p(z) — p(z) = const. , a.e. in A

10



and since

p(z) —p(z) =0 , on JA in trace sense

(44) = p(x) —p(x) =0 , ae. in A

in contradiction to (II).

Thus we have strict inequality in (39).
On the other hand

J Wit = [ Wat flota))ita)is

(45) -
g/AW(aer(x)n(:c))d:UZ/AW(U(JJ))C“?

Case 1 is settled.

Case 2: L"(AN{p>rp}) >0

Consider the cut-off functions:

1, s<r
a(s) = 2= | r<s<2r
0 , s>2r
f(s
f(s) = mins.r}a(s) . gs) = 1
(Reflection along |u — a| = r)
Define
(46) W(x) = a+g(p(x))(u(z) — a)
By (37)
(47) Va(z)]? < [Vu(z)[?
[
Lemma 2.3. Let A C R" open, bounded, connected with Lipschitz boundary, f € W12(A;R)
satisfies
(43) f <7 on 0A (trace sense)
LMAN{s< f}) >0, some §>7
Then
(49) LMAN{r< f<5)>0
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Proof of Lemma 2.3. Let

(50) Ei=An{f<r}, EBa=An{r< f<s}, Es=An{s< f}
Define

flz) , € E3UE,

S , T € E3
(51) P, xe B
7(x) = max{o(z),7} =<5 , v € 3
f(z) , v € Ey
Suppose for the sake of contradiction that
(52) LM AN{r< f<35)=0.
Then
3 eFE
L7(By) =0 and 7(z) = {f e
s, € FE;3
(53) V7(z) =0 ae. in A

On the other hand min and max of Sobolev functions produce Sobolev functions. Hence
7 is Sobolev and the connectedness of A together with (53) implies that 7 = constant. Hence
necessarily

r=35, LEs) >0

and also £"(E;) = 0. Thus f > s a.e. in A. Thus f > § on 0A, which contradicts (48) .
The proof of Lemma 2.3 is complete. O]

3 The (Vector) Caffarelli-Cérdoba Density Estimate

3.1 Introduction

In this lecture we are interested in entire solutions of
(54) Au—Wy(u)=0 , u:R"—-R™
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Hypotheses on W

W e C2(R™; [000) , {W =0} = {a1, ..., an}
(H) ¢ Wo(u)-u>0if |ul > M
CQ|§|2 Z €TWuu(az)£ Z Cl|€|2 5 1= 1, 7]\/v

Actually we will be interested in minimizing solutions:

Definition 3.1. A function u : R™ — R™ is a minimizing solution of (54) in the sense of
De Gliorgi if

J(u, Q) < J(u+v,Q) , ¥V bounded open set Q@ CR™, and ¥ v € Cy(R),
where J(u, Q) :/

Q

(55) (%ywy? + W(u)) dz

Exercise 6: Show that (54) is the Euler-Lagrange of J.

Remark 3.2. We adopt this definition of minimizer as opposed to the standard

min /n <%’VU|2 + W(u)) dx

because it can be shown (Exercises 7 and 8) that for any solution of (54) the following
Liouwille type estimates hold:

J(u, B,(0)) = o(lnr) , as r — 400, n=2 = u = const.

0(7,1%2) , a8 r— 400, n >3 = u= const.

Hence for n > 1 any nontrivial solution of (54) has the property that

/n (%Wu\z + W(u)) iz = oo

Exercise 7: (The Stress-Energy Tensor)
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(i) Let u : R® — R™

Ty, Vo) = s, -ty — 5ij<%|vuy2 FWW) ij=1,.n
Show that
divT = (Vu)" - (Au — W, (u))
(ii) Show that

2 —

n
n Z
=1

where g(u) := $|Vul*> + W (u).

trl =

2 W (u) = —ng(u) + |Vul?

(iii) Show that

T+ g(u)Id = (Vu)" (Vu) > 0

Exercise 8: (Continuation)
Show that

(i)

;/T(xiﬂj)xj = _/BT (n;2|Vu|2+nW(u)) < —(n-— 2)/ g(u)

T

(ii) By the divergence theorem

. ou
2'T;) . de =7 / Tiviy-:—r/ ( u) — —2>
Z/( Dosda=r S [ o= =1 [ (st 150

d
> —r/ g(u) = —T—Jf{(u)
9B, r

(iii) Combining (i),(ii) conclude that

dJBT (U)
—(n—2)Jp,(u) > —TT

& dii“ (r’(”’Q)JBT (u)) >0
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(iv) Hence

Jp, (u) > cr™ 2

Exercise 9:
Combining the 1°¢ equality in (i) with the 2" in (ii), Exercise 8, derive Pohozaev’s identity

/BT (n;2|w|2+nw<u)> :T/BT (%IW|2+W(U)_|%|2)

Remark 3.3. The hypothesis (H)(u') above implies easily the bounds

(57) lu(z)| <M , |Vu(z)| <M, zeR"

uz) M, that clearly has
x

Indeed if [{z : |u(z)| > M}| # 0 we take the truncation v(z) =

less energy, hence contradicting that u is a miniizer. The gradient bound then follows from
linear elliptic theory (Ezercise).

3.2 The Basic Estimate

The following estimate indicates the ”surface like” nature of minimizers.

Lemma 3.4. Let W : R™ — R be continuous, W > 0 and assume that {W =0} # @&. Let
u be minimizing (assume estimates (57)).
Then there is a constant Cy = Co(W, M, M), independent of xo and such that

(58) B, (z0) C Q= J(u, By(x)) < Cor™™, >0

Proof. Note g(u) = 3|Vul* + W (u) is bounded in  and it follows

J(u, By(z0)) < Cyr* < Cyrtforn < 1
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For r > 1 define the competitor

a, |r—mxo| <r-—1
(59) v(z)=q (r—|z—axo])a+ (|z —zo| =7+ Du(z), r—1<|z—z0| <7
u(x), |x—xo| >

The definition and the minimizing property of u over balls imply

J(u, B (z0) < J(v, By(w0)) = J(v, By(20) \ Byr_1(10)) < Corg™*

3.3 Motivation

We now introduce the density estimate by considering first the motivation behind it that
comes from the sharp inference case of minimal surfaces or better minimal partitions. Our
argument below is formal.

Consider a minimal surface "' € R". Let x € " ! and consider B,(x) which is
partitioned by ¥"! in two parts D, and D¢.
Let

(60) V(z)=L"(D,), A(r)=H"YZ"'NB,)
S, stands for the spherical cup bounding D,., H"~! for the (n — 1)— Hausdorff measure.
Consider the following computation.

V(r) < C[H" 1(2” YN B, + H"(S,)]71, by the isometric ineq.
(61)

From (58) it follows that if py = V(r9) > 0, some § > 0, then
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(62) V(iry>Cr", r>ry, C=0C(n)

The analogy with the diffuse interface is via the identification

(63) A(r) = /B o) W(u)dx, V(r)=L"(BN{|lu—a|>A})

where W (a) = 0 and A > 0 any number such that

(64) dy = dist(a, {W = 0} \ {a}) > .

3.4 Hypothesis for the Density Estimate

(W e C(R™,[0,00)), W(a)=0
(i) 0 < a < 2 : W differentiable in a deleted neighborhood of a

d * o—
(Hq) %W(awf)zaw Lopel0p), VE el =1
(i1) a = 2 : W is C? in a neighborhood of a

Colé> > "W ()€ > Cl€)?

\

Theorem 3.5. Assume W satisfies (Hy), 2 open, n > 1, u : Q@ C R" — R™ minimizing.
Then for any po > 0 and any A € (0,dy) the condition

(65) £ (Buo(o) P {u— al > A} > o
implies
(66) LY Br(xo) N{|lu—a| >A}) >Cr", r>rg

as long as B,(zg) C Q, C = C(W, jug, A, ro, M, M).
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Exercise 10: Utilizing Lemma 3.4 show that the validity of the theorem for one value
of A € (0, dp) implies its validity for all X € (0, dy).

Exercise 11: Assume {W = 0} = {ay, a2}, and assume that (H;) holds. Then given
0 < 0 < oy — g, the condition

(67) L (Bi(xo) N {lu = ar| <0}) = po >0

implies the estimate:

(68) L"(Br(xo) N{|u—a1| < 0}) > Cr"

for r > 1 as long as B, C (.

Proof. STEP 1 : The Identity

We recall the polar form introduced in (30). For u(-) € WY?(B,; R™)NL>(B,;R™), B, =
{|I’ - ‘T0| < T})

U

u(z) =a+q"(x)n (z)

where
() = Julr) —al, B(@) = M ifu(e) £a
¢“ € WY2(B,)NL®(B,), Vn measurable, ¢*|Vn | € L*B,)
(69) |Vul?dr = |Vq“]2dx+/ (¢")?|Vn' | do
B, B, B,
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As in section 2 we consider variations where only the radial part ¢* is modified while n
is kept fixed:

(70) h=a+¢n (x), o=a+q¢n (z)
(71) ¢° =min{q", ¢"}

where

(72) "€ WH(B,)NL¥(B,), ¢">0

with a suitable radial C'* map, with

(73) " >q¢" on 0B,

(69) with u = o yields

(74) / Vo | dr = \Vq"]QdaH—/ (q")2yvﬁ“|2d:c
B, B,

r

Thus we derive the identity:

3 [ (90 = Ve do =
@) I = Jn o)+ 5 [ (@P - @RIt [ V(o) - W) ds

S/ (W(o) —W(u))dz

r

where in deriving the last inequality we used that ¢° < ¢" and the minimizing property of
u. Notice the similarity of (75) with (61).

STEP II: The isoperimetric estimate

Recall the Sobolev inequality
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n—1

(76) < ]f|"nldx> C<om) | |Vflde, YfeWS2RY, n>2
Rn R™
with py as in (Hy), we define the cut-off

B =min{q" — ¢°, A} in B, with A > 0, small A < p,
and apply (76) to 32

(f, #5as) ™ = ([ o)™

<) [ [V(8)de < 20(n) / V515|dz

B, Brn{qu—q <A}

(77)

where we have utilized that =0 on 0B, and V3 =0 a.e on ¢* — ¢° > A.

By Young
([ pae) ™ <20m) [ 1V 5118)dz
B, BrN{q*—q7 <A}
(78) < C(n)A / |Vﬂ]2dx + %/ B2dx
Byn{qt—q7 <A} A BrN{q4—q7 <A}
C
4 [ 19l = i+ ey (" — Ve
A Brm{qu_qUSA}
Noting the identity
(79) V(" —q") = IVq"]? = [V = 2V¢°(Vq" — V)

we can bound the right - hand side of (78) utilizing the identity (75).

(/B 5n2nldx>n’:1§20(n)z4</3 (W(o) - dx_/ Ve (

(80) ' () ¢

+ / (¢“ = q¢°)d
A Brn{g*—q7 <X}

20
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Assuming that ¢" € W'2(B,) N L>=(B,) can be chosen so that

(81) ¢"=0 on B,_p, somefixed T >0

and this
q¢”on B, r<oc=aon B,_r

we can estimate

n—1

n—1 n
(f o) "= (. ) LB > )T
B'p B'rme{qu>>‘}

and obtain from (80) that

NLY B, N {g" > A}
<20(n)A (/B(W( ) — dx—/ 2l )dx)

Exercise 12: (a < 2)
Consider the O.D.E

{q’ =32C%q%, "= g2 Coq!
=0

Show that it has the family of nontrivial solutions

(s) Cﬁsﬁ, s>0
S) =
1 0, s<0

Let g¢(s) = Cs7 7, g(s) =0 for s <0, 7 = maz{a, 1}

Show that ¢"(z) = G(|x| — (r — T)) is Sobolev.
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Notice that ¢”(0) is finite, ¢’(0) = 0.

STEP III: The case 0 < v < 2

A. We recall (Hy)(i), which is modeled after W(u) ~ |u — a|* for u ~ a. The validity of
(57) needs some attention here and will be discussed later.

We estimate the first-hand side of (82).

We begin with B,_r. Since ¢° = 0 on B,_r, the first-hand side reduces to.

I = —QC(n)A/ W (u)dz + %/ (¢")*dx
B, A Br—rN{g“<A}

< —20(n)A / W (u)da + % /B s

Br—Tﬂ{Q“SA}

(83)

Exercise 13:
Assume A < pg, po as on (Hy). Then there exists Ay > 0 independent of r, such that

(84) I< —@A/ W(u)dz, for A> Ay=/2X27/3C*
Br_rN{g“<A}

(Utilize lower bound in (Hy)(i)).

B. Next we consider the right-hand side of (82) on B, \ B,_r

Set
h=20wa [ W)~ whi+ [ (6" =" Vdo
BAB,_r A JBAB g7 <))
I = —2C(n)A / Vo' (V' — Vg )da
BT\BT—T

Assume A < min{po, 1}. Then there exists a constant C > 0 independent of r, such that

I < CALY((B,\ Br_1) N {q" > \}) + % / W (u)dz

(85) (Br\B,—1)N{q"<\}

A>0
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To see this we proceed by splitting the integration over B, \ B,_r into integrations over
{¢" <A} and {¢" > A}

From ¢° < ¢%, ¢"* < X < pg by the monotonicity of W near u = a

(W(o) —W(u))dx < dx <0

Br\BrfT

Thus

[ Wio) = W)de < Wyl (B \ Beor) 0 {a" > A)
BT\BrfT
For the 2™ term we can utilize the lower bound in (Hg)):
In ¢7 < ¢* < X <min{py, 1}
W(u) = C*(¢")" = C*(¢" = ¢°)* 2 C*(¢" — ¢")?

hence )
(¢" — ¢°)*dx < — W(u)dx
C* J (BB, _r)nfan <)
and (84) is established with C' = C(n)maz{g=, 2Wu}.
Next we take up I, A < min{po, 1}.
We will show that there exists C' > 0, independent of r, but depending on M , T, such
that:

/(BT\BT—T)H{Q“O\}

(86) I, < CAL*((B,\ B,_r)N{¢" > \}) + CA / W (u)da
(Br\Br—7)N{g"<A}

We proceed as follows. Let ¢"(x) as in Exercise 12

I, =-2C(n)A V¢ (V¢*—Vq°)dz—2C(n)A Vq° (Vq¢"—Vq°)dx

(Br\Br—1)N{g"<q"} (Br\Br_1)N{q"<q"}

(trivially, since ¢° = min{q", ¢*})

= —ZC(n)A/ V¢"(Vq"—Vq")dz = ZC(n)A/ A¢"(¢"—¢")dx
(Br\Br—1)"{q"<q"}

(Br\Br—1)"{q"<q"}
We now split the integral I, = If + I, where I, I, correspond to the integration over

23



{¢"“ > A} and {¢" < A}

Then we have the estimates

I < 2CACyML™ (B, \ Bo_r) N {g" — \})

I; <2CAC / (") (g = ¢")da

(Br\Br_1)N{g"<q*}N{q <A}

In the 15 we take Ag¢" < Cy. In the 2" we utilize Ag"® < C1(¢")™ %, Oy and C)
constants bounded as as o — 0. Moreover in the 2* term we have:

1
(") Hg" = ") < (@) He" — ") < (@) < ZW (W)
and so (86) is established.

Recalling (63) and collecting all the estimates above, we have for fixed A > Aj:

N(V(r—T)" +CAA(r—T)

Q

~ A

(CH+COVAV () =V(r=T)) + (= + CA(A(r) — A(r = T))

IN
N

and rearranging

(87  C((Vr=T)F +A(r—=T)) < (V(r) = V(r = T)) + (A(r) = A(r = T))

where 2 OA
C(N) = min{\*, A}

maz{(C + C)A, % + CA}

From this difference scheme we obtain (Exercise 12)

(88) V(KT)+ A(KT) > CE"™, for k> ko, k integer
utilizing
(89) A(KT) < Co(kT)"'  (by Lemma 3.4)
we conclude the proof of Theorem 3.5 for 0 < a < 2. ]
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Remark 3.6.
1) The case a = 2 is more involved since there is no comparison function q" that vanishes
on OB,_r. Instead one has to resort to the linear equation

Ap = cop in B,
p=1

and construct a comparison function that is exponentially small on B,_r, T large,

" < Me 7T on B,_p

We refer to [1].
2) For 0 < a < 1 the L™ gradient bound is not appropriate since u € C’lic(R”, R™) for some

B € (0,1). The only prerequisite for the proof on the case a € (0,2) is Lemma 3.4 that can
be established with a different proof ([1]).
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